We apply the improved Batalin-Fradkin-Tyutin (BFT) Hamiltonian method to the SU(2) Skyrmion and directly obtain the first class Hamiltonian by constructing the BFT physical fields.
Introduction
It is well known that baryons can be obtained from topological solutions, known as SU(2) Skyrmions, since the homotopy group Π 3 (SU(2)) = Z admits fermions [1, 2] . Using the collective coordinates of the isospin rotation of the Skyrmion, Adkins et al. [1] have performed semiclassical quantization to obtain the static properties of baryons within about 30% of the corresponding experimental data. Also the chiral bag model, which is a hybrid of two different models: the MIT bag model at infinite bag radius on one hand and the SU(3) Skyrmion model at vanishing radius on the other hand, has enjoyed considerable success in predictions of the strange form factors of baryons [3] to confirm the recent experimental result of the SAMPLE Collaboration [4] .
On the other hand, in order to quantize the physical systems subjective to the constraints, the Dirac quantization scheme [5] has been used widely. First of all the string theory is known to be restricted to obey the Virasoro conditions, and thus it is quantized by the Dirac method [6] . Also, in the 2+1 dimensional O(3) sigma model, Bowick et al. [7] have used the Dirac scheme to obtain the fractional spin.
However, whenever we adopt the Dirac method, we frequently meet the problem of the operator ordering ambiguity. In order to avoid this problem, Batalin, Fradkin, and Tyutin (BFT) developed a method [8] , which converts the second class constraints into first class ones by introducing auxiliary fields. Recently, this BFT formalism has been applied to several interesting models [9] and improved by us [10] . Quite recently, the SU(2) Skyrme model has been studied in the context of the usual BFT formalism [11, 12, 13] . In particular, we have clarified the relation between the Dirac bracket scheme and BFT one, which has been obscure and unsettled up to now, in the framework of the SU(2) Skyrmion model [13] .
The motivation of this paper is to systematically apply the improved BFT and BFV-BRST methods to the SU(2) Skyrmion as a phenomenological example of topological system. On the other hand, the Lagrangian approach newly proposed by several authors [14, 15] is exploited to discuss the symmetry structure of the system.
In section 2, we will construct the first class BFT physical fields so that one can investigate the Poisson brackets of these BFT physical fields, which yield the Dirac brackets in the limit of vanishing auxiliary fields. Using these BFT physical fields, we then skip infinitely iterated standard procedure [11] to directly obtain the first class Hamiltonian, from which the Weyl ordering corrected energy spectrum is obtained to yield modified static properties of baryons. In section 3, we will construct the BRST invariant gauge fixed Lagrangian as well as the effective Lagrangian corresponding to the first class Hamiltonian in the Batalin, Fradkin and Vilkovisky (BFV) scheme [16, 17, 18] . Furthermore, we will treat the symmetry structure of this Lagrangian through the Lagrangian approach.
BFT Hamiltonian Formalism

Skyrmion and Constraints
Now we start with the Skyrmion Lagrangian of the form
where f π is the pion decay constant and e is a dimensionless parameter and U is an SU(2) matrix satisfying the boundary condition lim r→∞ U = I so that the pion field vanishes as r goes to infinity. For the minimum energy of the Skyrmion, one can take the hedgehog ansatz U 0 ( x) = e iτaxaf (r) , where the τ a are Pauli matrices,x = x/r and for unit winding number lim r→∞ f (r) = 0 and f (0) = π. On the other hand, since the hedgehog ansatz has maximal or spherical symmetry, it is easily seen that spin plus isospin equals zero, so that isospin transformations and spatial rotations are related to each other. Furthermore, in the Skyrmion model, spin and isospin states can be treated by collective coordinates a µ = (a 0 , a) (µ = 0, 1, 2, 3) corresponding to the spin and isospin rotations
With the hedgehog ansatz and the collective rotation A(t) ∈ SU(2), the chiral field can be given by
1 Here one can easily check that the Skyrmion Lagrangian can be rewritten as
Here the soliton energy and the moment of inertia are given by
where
with the dimensionless quantity u = ef π r.
Introducing the canonical momenta conjugate to the collective coordinates a
one can then obtain the canonical Hamiltonian
On the other hand, we have the following second class constraints 8) to yield the Poisson algebra
with ǫ 12 = −ǫ 21 = 1. Following the abelian BFT formalism [8, 9, 11, 13] which systematically converts the second class constraints into first class ones, we introduce two auxiliary fields Φ i corresponding to Ω i with the Poisson brackets
2 Here one notes that, due to the commutator {π µ , Ω 1 } = −2a µ , one can obtain the algebraic relation
where we are free to make a choice
The first class constraintsΩ i are then constructed as a power series of the auxiliary fields:
where Ω
are polynomials in the auxiliary fields Φ j of degree n, to be determined by the requirement that the first class constraintsΩ i satisfy an abelian algebra as follows
are linear in the auxiliary fields, one can make the ansatz
Substituting Eq. (2.14) into Eq. (2.13) leads to the following relation
which, for the choice of Eq. (2.11), has a solution
Substituting Eq. (2.16) into Eqs. (2.12) and (2.14) and iterating this procedure, one can obtain the first class constraints
which yield the strongly involutive first class constraint algebra (2.13).
First Class Physical Fields and Hamiltonian
Now we newly construct the first class BFT physical fieldsF = (ã µ ,π µ ) corresponding to the original fields F = (a µ , π µ ) in the extended phase space, which are obtained as a power series in the auxiliary fields Φ i by demanding that they are strongly involutive: {Ω i ,F } = 0. In general the first class fields satisfying the boundary conditionsF [F ; 0] = F can be found as
where the (n + 1)-th order iteration terms are given by the formulã
(2.20) After some algebra, we obtain the first class physical fields
with (−1)!! = 1. Then, using the novel property [10] that any functional K(F) of the first class fieldsF will also be first class, i.e.,
we can directly construct the first class Hamiltonian in terms of the above BFT physical variables as follows
omitting infinitely iterated standard procedure [11, 13] . As a result, the corresponding first class Hamiltonian with the original fields and auxiliary fields is given bỹ
which is also strongly involutive with the first class constraints
However, with the first class Hamiltonian (2.24), one cannot naturally generate the first class Gauss' law constraint from the time evolution of the primary constraintΩ 1 . This is one of the shortcomings of the previous works [11, 12] . Now, by introducing an additional term proportional to the first class constraintsΩ 2 intoH, we obtain an equivalent first class Hamiltoniañ
which naturally generates the Gauss' law constraint
Here one notes thatH andH ′ act on physical states in the same way since such states are annihilated by the first class constraints. Similarly, the equations of motion for observables will also be unaffected by this difference. Furthermore, if we take the limit Φ i → 0, then our first class system exactly returns to the original second class one.
Modified Energy Spectrum
Now, using the first class constraints in the Hamiltonian (2.26), one can obtain the Hamiltonian of the form [13] 
Following the symmetrization procedure, the first class Hamiltonian yields the energy spectrum with the Weyl ordering correction
where I is the isospin quantum number of baryons.
Next, using the Weyl ordering corrected energy spectrum (2.29), we easily obtain the hyperfine structure of the nucleon and delta hyperon masses to yield the soliton energy and the moment of inertia 
With these fixed values of f π and e, one can then proceed to yield the predictions for the other static properties of the baryons. The isoscalar and isovector mean square electric (magnetic) radii are given by
Next the baryon and transition magnetic moments are given in terms of the above charge radii as follows
With the standard Skyrmion integral values I 2 = 53.4, I 3 = 1.12, I 4 = ∞ and I 5 = 3.02, Eqs. (2.32) and (2.34) yield the predictions for the isoscalar and isovector mean square (magnetic) charge radii and the magnetic moments of the baryons, which are contained in Table 1 , together with the experimental data and the standard Skyrmion predictions [1, 2, 19] . 3 It is remarkable that the effects of Weyl ordering correction on the baryon energy spectrum are propagated through the model parameters f π and e to modify the predictions of the baryon static properties.
Structures of Dirac and Poisson Brackets
Next let us consider the Poisson brackets ofF's. After some manipulation, one can obtain the commutators
In the limit Φ i → 0 the above Poisson brackets in the extended phase space exactly reproduce the corresponding Dirac brackets [5, 13] 
where This kind of situation happens again when one considers the first class constraints (2.17). More precisely these first class constraints in the extended phase space can be rewritten as
which are form-invariant with respect to the second class constraints (2.8).
3 Lagrangian Approach
Partition Function
Now let us consider the partition function of the model in order to present the Lagrangian corresponding to the first class HamiltonianH ′ in the canonical Hamiltonian formalism. First of all we identify the auxiliary fields Φ i with a canonical conjugate pair (θ, π θ ), i.e.,
which satisfy Eqs. (2.10) and (2.11). Then, the starting partition function in the phase space is given by the Faddeev-Senjanovic formula [21] as follows
where the gauge fixing conditions Γ i are chosen so that the determinant occurring in the functional measure is nonvanishing. Now, exponentiating the delta function δ(Ω 2 ) as δ(Ω 2 ) = Dξe i dt ξΩ 2 and performing the integration over π θ , we obtain
After the fields π µ and ξ are integrated out, the partition function is given as follows
As a result, we obtained the desired Lagrangian (3.5) corresponding to the first class Hamiltonian (2.26). Here one notes that the Lagrangian (3.5) can be reshuffled to yield the gauge invariant action of the form
where S W Z is the new type of the Wess-Zumino term restoring the gauge symmetry. Moreover the corresponding partition function (3.4) can be rewritten simply in terms of the first class physical fields (2.21)
whereL is form invariant Lagrangian of Eq. (2.3). 4 Even though we use the first class HamiltonianH ′ of Eq. (2.26), instead of the HamiltonianH of Eq. (2.24) used in Ref. [11] , we could obtain the same result (3.5), as expected.
Symmetry Structure of Effective Lagrangian
Now, in order to derive the exact form of transformation in which the Lagrangian (3.5) is invariant, we use the recently proposed method of Lagrangian approach [14, 15] which is based on a singular Hessian in the equations of motion.
Starting from the Lagrangian (3.5) with the constraintΩ 1 = a µ a µ − 1 + 2θ = 0, we can obtain the equations of motion of the form
∂L ∂q i , and the superscript for later convenience means the zeroth iteration. If we denote q i ≡ (a µ , θ), we have
Since the constraint Ω 1 is a A-type defined by a function without velocities in configuration space, we require as a consistency condition the following identity
This requirement is similar to the time stability condition of constraints in the Hamiltonian formalism. Then, the resulting equation may be summarized in the form of the set of "first generation" equations
Since the first iterated Hessian (3.12) is of rank four, there exists a null eigenvector satisfying λ
(1)
from which we can find the solution
In general, the null eigenvectors are known to generate further Lagrange constraints which is of a function of the coordinates and velocities, but not of accelerations through
= 0 at the k-th generation of iteration. However, in our case we have
which means that no further constraints are generated. The algorithm is then ended up at this stage. The symmetries of the Lagrangian (3.5) are encoded in the identity (3.16), which is a special case of a general theorem [14, 15] stating that the identity can always be written in the form of
where the superscript l denotes the last stage of iteration giving the identity and q i = (a µ , θ). Then, the corresponding Lagrangian is invariant under the transformation
For the first class SU(2) Skyrmion, the coefficients φ i(s) in Eq. (3.17) are given by φ
As results, by using Eq. (3.18), the desired form of symmetry transformation can be read as
It can be easily checked the Lagrangian (3.5) is invariant under the transformation (3.19) . Here one notes that this form of symmetry transformation obtained in the Lagrangian approach is exactly the same as that obtained when we consider the effective first class constraints (2.17) as the symmetry generators in the Hamiltonian formalism.
BFV-BRST Gauge Fixing
In this subsection, in order to obtain the effective Lagrangian, we introduce two canonical sets of ghosts and anti-ghosts together with auxiliary fields in the framework of the BFV formalism [16, 17, 18] , which is applicable to theories with the first class constraints:
which satisfy the super-Poisson algebra
Here the super-Poisson bracket is defined as
where η A denotes the number of fermions called ghost number in A and the subscript r and l right and left derivatives. In the SU(2) Skyrmion model, the nilpotent BRST charge Q, the fermionic gauge fixing function Ψ and the BRST invariant minimal Hamiltonian H m are given by
which satisfy the following relations
The effective quantum Lagrangian is then described as
with H tot = H m − {Q, Ψ}. Here B 1Ṅ 1 +C 1Ṗ 1 = {Q,C 1Ṅ 1 } terms are suppressed by replacing χ 1 with χ 1 +Ṅ 1 . Now we choose the unitary gauge
and perform the path integration over the fields B 1 , N 1 ,C 1 , P 1 ,P 1 and C 1 , by using the equations of motion, to yield the effective Lagrangian of the form
with redefinitions: N ≡ N 2 , B ≡ B 2 ,C ≡C 2 , C ≡ C 2 ,P ≡P 2 , P ≡ P 2 . Next, using the variations with respect to π µ , π θ , P andP, one obtain the relationṡ Here one notes that the above BRST transformation including the rules for the (anti)ghost fields is just the generalization of the previous one (3.19) . This completes the standard procedure of BRST invariant gauge fixing in the BFV formalism. 
